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Abstract: Failure pressure is a key parameter in reservoir hydrofracturing operation. Existing analytical methods for calculating 
the failure pressure are based on the assumption that borehole fluid is under two extreme conditions: non-infiltration or complete 
infiltration. The assumption is not suitable for the actual infiltration process, and this will cause a great error in practical 
calculation. It shows that during the injection process, the dynamic variation in effective stress-dependent permeability has an 
influence on the infiltration, and the influence also brings about calculation errors. Based on the fluid-structure interaction and 
finite element method (FEM), considering partial infiltration during injection process, a numerical model for calculating rock 
failure pressure is established. According to the analysis of permeability test results and response-surface method, a new 
variation rule of rock permeability with the change of effective stress is presented, and the relationships among the permeability, 
confining pressure and pore pressure are proposed. There are some differences between the dynamic value of 
permeability-effective-stress coefficient observed herein and the one obtained by the classical theory. Combining with the 
numerical model and the dynamic permeability, a coupling method for calculating failure pressure is developed. Comparison of 
field data and calculated values obtained by various methods shows that accurate values can be obtained by the coupling method. 
The coupling method can be widely applied to the calculation of failure pressure of reservoirs and complex wells to achieve 
effective fracturing operation.  
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1  Introduction  
Calculation of failure pressure is a hot issue in the 
field of petroleum engineering. Hubbert and Willis [1] 
developed an analytical formula of failure pressure for 
impermeable formation without infiltration during 
injection process, i.e. the well-known H-W equation. 
Haimson and Fairhurst [2] derived an analytical 
formula for permeable formation with complete 
infiltration, i.e. the famous H-F equation. Eaton et al. 
[3–5] modified and improved the limitations of above 
two equations. The two methods consider that the 
behavior of wellbore fluid infiltration is under extreme 
conditions so that great errors in calculation are 
introduced. Problems caused by the errors are not very 
serious in the design of fracturing scheme for shallow 
and mid-depth layers. However, for deep or ultra-deep 
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wells, the problems become crucial to field operation. 
Thus, it is necessary to carry out further study on 
accurate calculation methods for failure pressure.  
A numerical model for failure pressure calculation 
was established by the authors [6]. It is a 
pseudo-coupling method, regarding the permeability 
and other parameters as constants. In fact, the 
permeability will change with the variation in effective 
formation stress during the injection process. A 
non-universal theoretical relationship between the 
permeability and effective stress [7] has been proposed. 
The fitting relationships among the permeability, 
confining pressure and pore pressure were also 
proposed by the authors. Meanwhile, based on the 
response-surface method and the core testing with gas 
as a fluid medium [8–10], a new rule between the 
permeability and the change of effective stress was 
presented. Therefore, a coupling model for the failure 
pressure calculation can be established based on the 
dynamic permeability and the pseudo-coupling model. 
The coupling model covers the infiltration of injected 
fluid and the interaction between the infiltration and 
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reservoir stress [11–14]. Galerkin FEM is adopted as 
the calculation method for the coupling model [15–17]. 
Finally, a case is given to verify the coupling model.  
 
2  Coupling model for rock failure 
pressure 
 
The following assumptions are suggested: (1) a 
vertical well is located at the center of the horizontal 
layer; (2) the injected fluid connects with the 
poroelastic medium formation passing through the 
whole borehole (barefoot completion); (3) the fluid 
that flows into the formation is simulated based on the 
boundary condition of the well wall, and the increasing 
rate of the bottom pressure is a constant; (4) fluid 
percolation and formation stress-strain are coupled; 
and (5) the infiltration of the injected fluid exhibits an 
unsteady state. The formation permeability varies with 
the dynamic variation in effective stress. 
2.1 Stress equilibrium equation 
The constitutive relation for porous media [14] is  
v 2ij ij ijGs l e d e¢ = +                         (1) 
where   is the Lame constant, G is the shear 
modulus of rocks, v  is the volumetric strain, ij  is 
the strain tensor, ijs ¢ is the effective stress tensor, and 
1 ( )ij i jd = =  or 0 ( )ij i jd = ¹ . 
Assuming that the strain and displacement are small, 
the solid skeleton is linearly elastic and related to the 
effective stress. According to the equilibrium of unit 
body stresses, the relation between the stresses is 
given:  
, 0ij j iFs + =                                (2) 
The effective stress of the skeleton observes the 
Terzaghi effective stress relation [18], which can be 
written as 
ij ij ijps s a d¢ = -                            (3) 
where p is the fluid pressure in pores, ij  is the total 
stress tensor, and   is the Biot’s coefficient. 
Substituting Eq.(3) into Eq.(2), the formation stress 
equilibrium equation can be obtained: 
, ,( ) 0ij j j ip Fs a d¢ + + =                        (4) 
Substituting Eq.(1) into Eq.(4), the stress-coupled 
equilibrium equation in vector form is 
T 0a+ Ñ =S DSu p                           (5) 
where u  is the displacement vector; p  is the fluid 
pressure vector in pores; and S and D can be expressed 
as follows: 
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Equation (5) is the stress equilibrium equation for 
the coupling model, which is related to the fluid 
pressure. It is supposed to be solved with the 
continuous equation of fluid seepage. 
2.2 Equation of continuity 
It is assumed that the porous medium is deformable, 
and the fluid saturated in pores is weakly compressible, 
while the fluid seepage is isothermal. Meanwhile, it is 
assumed that the fluids percolate at a certain velocity, 
and the grains move at a certain speed. Accordingly, 
the continuous equations for fluids and solids are 
developed [14]: 
f
f f
( )( ) 0v
t
f rf r ¶Ñ × + =
¶
                    (6) 
s
s s
[(1 ) ][(1 ) ] 0v
t
f rf r ¶ -Ñ × - + =
¶
             (7) 
where fv  is the absolute velocity of fluids, sv  is the 
absolute velocity of solid grains, f  is the fluid 
density, s  is the skeleton density,   is the 
formation porosity, and t is the time. 
The positive direction of solid grain velocity is taken 
as the negative direction of coordinates, while the 
positive direction of fluid seepage velocity is taken as 
the positive direction of coordinates. Then, we have [7] 
D f s( )v v vf= +                              (8) 
D
kv p
m
= - Ñ                                (9) 
where Dv  is the Darcy velocity, k  is the formation 
permeability, and   is the fluid viscosity. 
Considering Eq.(8), Eqs.(6) and (7) can be rewritten 
as  
f
f D f s f 0v v t t
r fr f r f r¶ ¶Ñ × - Ñ × + + =
¶ ¶
        (10) 
s
s s s(1 ) (1 ) 0v t t
r ff r f r¶ ¶- Ñ × + - - =
¶ ¶
        (11) 
Dividing Eqs.(10) and (11) by f  and s  
respectively, and then combining them together, we 
can obtain 
s f
D s
s f
(1 ) 0v v
t t
r rf f
r r
¶ ¶-Ñ × - Ñ × + + =
¶ ¶
       (12) 
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The state equations for fluids and rocks under 
isothermal condition [19] are  
f
f f
p
t K t
rf f
r
¶ ¶=
¶ ¶
                         (13) 
s b b v
s s s s
1 1 1 K Kp
t K K t K t
r ef f
r
æ ö¶ ¶- ¶ç ÷= - - +ç ÷¶ ¶ ¶è ø
     (14) 
where fK  is the compression elastic modulus of 
fluids in formations, sK  is the compression elastic 
modulus of solid grains, and bK  is the compression 
modulus of rocks.  
According to the definition of absolute velocity of 
solid grains, the following equation is developed: 
v
s
( )u uv
t t t
eæ ö ¶¶ ¶ Ñ ×ç ÷Ñ × =Ñ × = =ç ÷¶ ¶ ¶è ø
            (15) 
Substituting Eqs.(9), (13), (14) and (15) into Eq.(12), 
for the formation permeability is considered to be 
dynamic, the continuous equation related to 
displacement can be expressed as 
ff ( )( ) yx k tk t p p
x x y y t x y
rr a
m m
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where 
b
s
1
K
K
a = -                                 (17) 
t
s f
/ 1 1C
K K
a f -= +                         (18) 
Equation (16) is the equation of continuity of fluid 
seepage for coupling model, which involves in the 
displacement of solid grains. It can be addressed by the 
stress equilibrium equation. 
2.3 Initial and boundary conditions of the model 
A complete model should consider the conditions in 
the solution region, i.e. initial and boundary conditions. 
At the beginning, the whole stratum has the same pore 
pressure. Once the fluid is injected, the pressure at the 
well bottom will increase. It behaves as the inner 
boundary condition. Then the conditions of the model 
can be given as follows:  
(1) Initial condition can be written as 
0 i|tp p= =                                  (19) 
where ip  is the initial fluid pressure. 
(2) Boundary conditions are listed in Table 1. 
 
 
Table 1 Boundary conditions. 
Boundary Equation Solution variable Type of boundary 
Outer boundary
Stress equilibrium Displacement In-situ stress 
Seepage Pore pressure No flow 
Inner boundary
Stress equilibrium Displacement Wellbore pressure 
Seepage Pore pressure Wellbore pressure 
 
2.4 Galerkin FEM to coupling model [6] 
The Galerkin FEM is adopted [20, 21]. Solution 
variables include the fluid pressure P  and the solid 
skeleton displacement .U  The finite element 
expression of Eq.(5) is 
T
2
i i+ =KU Q P f                         (20) 
where K, Q and 2f  are the stiffness matrix, coupling 
matrix and load matrix, respectively. 
Likewise, the finite element formulation of Eq.(16) 
is  
1( )i i it+D - =H L P QU f                     (21) 
where H, L and 1f  are the pore elastic matrix, fluid 
flow matrix and load matrix, respectively, which are 
deduced from the equation of continuity.  
Equations (20) and (21) are related to the fluid 
pressure and displacement. Hence, the two equations 
are coupled and cannot be solved independently. We 
can integrate them as a set of linear equations. The 
final set is given as  
1
T
2
i i
i
té ùì ü ì ü+D - ï ï ï ïê ú =í ý í ýê úï ï ï ïî þë ûî þ
fH L Q P
fQ K U
             (22) 
The object-oriented program of FEM can be applied 
to solve the Eq.(22) [6]. 
 
3  Dynamic models for permeability 
and porosity 
 
During the injection process before rock failure, the 
fluid infiltration will introduce the variation in 
effective stress around the wellbore. Since the 
permeability and porosity are the functions of effective 
stress, the variation in rock parameters should be taken 
into account in the coupling model. Currently, many 
coupling models are integrated with dynamic 
variations in permeability and porosity [22–24]. Some 
hold that one of the key issues in coupling analysis is 
the establishment of dynamic model with rock 
parameters [7]. Actually, formation rocks are not ideal 
porous media. The rocks are always influenced by 
multiple factors, especially in low permeability 
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formation and specific rock layers. Hence, the 
calculation results of theoretical formula for rock 
parameters are greatly different from the actual ones.  
In this paper, the rise of fluid pressure is considered 
during the fracturing process. Tests were performed to 
measure the permeability by increasing the fluid 
pressure at different confining pressures. Before tests, 
aging treatments were done until the rocks were in 
steady state. The flow rate measurements are repeated 
for five times for each test, and the average value is 
taken as the final permeability. The response-surface 
method [25] is applied to the analysis of permeability 
data. The maximum likelihood technique [26] is 
adopted to determine the optimal exponent   from 
( )k kb b=  for transformation, and the parameter   is 
normally expected to range from 3 to 3. Then the 
quadratic response-surfaces are used to match the 
transformed data. The transformed formula of 
permeability is 
( ) 2 2
1 2 c 3 4 c 5 c 6k a a p a p a p a p p a pb = + + + + +      (23) 
where ai (i = 1, 2,…, 6) are the fitting coefficients, and 
pc is the confining pressure in tests. Equation (23) 
produces a 3D response-surface in ( ) c- -k p p
  space, 
which can be converted into c- -k p p  response- 
surface. 
From Eq.(23), it is clear that the permeability is a 
function of fluid pressure and confining pressure. 
Moreover, the relation among the permeability and the 
fluid pressure and the confining pressure in Eq.(23) is 
nonlinear. During the process of fluid injection before 
rock failure, the confining pressure and fluid pressure 
at the failure point vary with time, depending on test 
conditions in laboratory. The dynamic permeability 
determined in this way is applied to coupling 
calculation, which leads to a more accurate result. 
It is difficult to obtain the dynamic value of porosity 
in laboratory. Alternatively, the dynamic expression of 
porosity [14] can be derived based on the equation of 
continuity of solid skeleton:  
0 s
v
(1 )(1 / )
1
1
p Kff
e
- - D
= -
+
                     (24) 
where 0  is the initial porosity, and pD  is the 
difference of fluid pressure.  
 
 
4  Case study 
 
4.1 Basic data 
Based on the failure criterion of the minimum 
tensile stress in the coupling model, the numerical 
calculation for failure pressure is performed with FEM. 
Well G45 is simulated in this paper, which is located in 
the zone #1 of Guang’an structure in Sichuan Province. 
The hydrocarbon-bearing layer is tight sandstone, 
ranging from 1 836 to 1 852 m in depth. The fracturing 
operation was conducted on 3 July, 2007, and the 
actual failure pressure was 34.3 MPa. The increasing 
rate of well bottom pressure was 6.8 MPa/min during 
the fracturing process. Before fracturing, the rock 
samples in this well were chosen to measure the 
permeability and rock mechanical parameters. Since 
the structure in this area was gentle, the formation 
stress in this area was considered. For comparison of 
simulation results with the actual data in the area, the 
increasing rate of wellbore pressure is considered. All 
the input data are listed in Table 2. 
The dynamic permeability tests and data analysis 
methods mentioned above were adopted for gas 
permeability determination. The final permeability of 
rocks from the well G45 can be matched as 
0.4 2
c c20.1 4.45 4.65 0.018 6k p p p- = + - - + 
2
c0.187 0.143p p p-                         (25) 
Substituting the dynamic confining pressure and 
fluid pressure at the failure point into Eq.(25), the 
dynamic permeability at the failure point can be 
obtained. 
4.2 Results and discussion 
The simulation of failure pressure for the well G45 
can be performed by the fully coupling model with the 
basic data mentioned above. In order to compare the 
results obtained by different methods, the position of the 
minimum circumferential stress, i.e. the position of the 
maximum principal stress, is chosen. Changes of 
effective circumferential stress with time are shown in 
Fig.1. It can be observed that the time when the effective 
circumferential stress reaches the tensile strength, i.e. 
the failure duration, is 93.5, 134.0 and 161.5 s,
 
Table 2 Input data for well G45. 
Elasticity modulus of 
rock (GPa) 
Initial reservoir 
pressure (MPa) Poisson’s ratio of rocks Porosity 
Maximum 
horizontal principal 
stress (MPa) 
Minimum 
horizontal principal 
stress (MPa) 
Tensile strength of rock 
(MPa) 
26 18.0  0.19 0.12 53.0  33.0  4.7  
Total compressibility 
(MPa1) 
Vertical principal 
stress (MPa) 
Viscosity of injected 
fluid (mPa.s) 
Drainage radius
(m) Biot’s coefficient Well radius (m) 
Increasing rate of wellbore 
pressure (MPa/min) 
1.8×103  41.0  1.0  500  0.8 0.1  6.8      
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Fig.1 The minimum effective circumferential stress with time 
obtained with different methods. 
 
respectively, according to the results of the H-F 
equation, the numerical simulations and the H-W 
equation. The corresponding failure pressures are 28.6, 
33.2 and 36.3 MPa, respectively, which can be 
obtained by the increasing rate of wellbore pressure. 
Hence, the failure pressure calculated by the H-F 
equation is the smallest, and the one obtained by the 
H-W equation is the largest. 
When calculating the failure pressure in 
impermeable formation, the H-W equation fails to 
consider the seepage, supposing that the fluid pressure 
reduces the effective circumferential stress according 
to the initial fluid pressure pi. While calculating the 
failure pressure in permeable formation, the H-F 
equation considers the extreme effect of fluid 
percolation, which supposes that the fluid filtrates into 
the area around the wellbore temporally and 
completely, and the value of fluid pressure rises to the 
bottom pressure instantly.  
Although the increase in fluid pressure may 
aggravate the stress concentration to some extent, the 
fluid pressure has an effect on the decrease in 
circumferential stress in terms of well bottom pressure 
pwf. Thus, it is evident that the failure pressures 
calculated by the H-W equation and the H-F equation 
are under two extreme conditions. However, the 
numerical simulations are based on the field actual 
infiltration process during injection where fluid at the 
well bottom will filtrate into formation finitely. Finally, 
the fluid pressure around the wellbore will increase 
within a limited range. Thus, the results calculated by 
the numerical simulations are smaller than those 
calculated by the H-W equation, but greater than those 
calculated by the H-F equation. Consequently, the 
failure pressure obtained by the numerical simulation 
is somewhat reliable. 
Figure 2 shows the relationship between the  
 
 
 
 
 
 
 
 
 
 
 
 
Fig.2 Permeability at the failure point changing with injection 
time. 
 
permeability at the failure point and the injection time 
during fracturing simulation. It can be observed that 
the permeability at the failure point is 0.19 mD at the 
beginning, and it reduces to 0.04 mD when the rock 
fractures. The decline of the permeability will affect 
the bottom fluid’s filtration into formation and also the 
final rock fracturing. Figure 3 shows the change of 
effective circumferential stress with the injection time, 
where dynamic and constant permeabilities are 
considered. It can be found that, when the effective 
circumferential stress reduces to the tensile strength 
under the condition of dynamic permeability at the 
injection time of 134.0 s, the rock fractures; while with 
the static permeability, the rock fails at the injection 
time of 121.5 s. The failure pressures obtained by the 
increasing rate of wellbore pressure are 33.2 and 31.77 
MPa, respectively. Hence, if the permeability is 
constant, the response period of time will increase 
while the failure pressure decreases. The fluid filtration 
has more effects on fracturing mainly due to the 
aggressive infiltration of fluid during the injection 
process without loss of permeability. 
 
 
 
 
 
 
 
 
 
 
 
Fig.3 Change of the minimum effective circumferential stress 
with time under different conditions of permeability variation. 
 
Figure 4 shows the casing pressure changing with 
injection rate during the actual fracturing process of 
well G45. Because packers were not installed in the 
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Fig.4 Actual fracturing process of well G45. 
 
well, the casing pressure reflects the real change of 
bottom pressure with time. From Fig.4, we can see that 
it starts to upgrade the injection rate and the pressure 
of well bottom increases after 12.7 minutes’ injection. 
After 15.1 minutes’ injection, the well bottom pressure 
(casing pressure plus fluid column pressure) reaches 
the maximum value of 34.3 MPa, and then the 
formation fractures. After that, there is a distinct 
decompression process and a stable extension pressure 
is achieved finally.  
It takes 2.4 minutes to increase the injection rate 
until the formation fractures, then the well bottom 
pressure is increased to 16.3 MPa and the average 
increasing rate is 6.8 MPa/min. Since the simulation 
employs the same pressure increasing rate, the results 
obtained by the simulation can be accepted. 
The relative errors of failure pressure obtained by 
the H-F equation, the numerical simulation and the 
H-W equation are 16.6%, 3.2% and 5.5%, respectively, 
while that obtained by the simulation with static 
permeability is 7.4%. It shows that the failure 
characteristics of well G45 are close to those of 
impermeable formations. Furthermore, the relative 
error of the simulation, which has considered the 
dynamic permeability, is the smallest (3.2%). It is clear 
that the failure pressure obtained by the coupling 
method is reasonable. 
 
5  Conclusions 
 
(1) Due to the limitations of calculation methods for 
rock failure pressure, considering the dynamic 
variation in permeability, it is more reasonable to use 
the fluid-solid coupling theory to calculate the rock 
failure pressure. Based on the analysis of results 
obtained by various calculation methods and actual 
failure pressure, it is shown that the coupling method is 
reliable, and the error is relatively small.  
(2) Based on the laboratory core tests, the relation 
among the permeability, pore fluid pressure and 
confining pressure is established. Comparison with 
other methods indicates that the failure pressure is 
smaller with a bigger error based on the static 
permeability, which also leads to a smaller fracturing 
time than others. During injection operation, it can be 
attributed to the strong percolation effect caused by the 
differences between static and dynamic permeabilities.  
(3) The error of failure pressure obtained by the H-F 
equation is the largest, about 16.6%. By contrast, the 
errors obtained by the H-W equation and the 
simulation considering static permeability are 5.5% 
and 7.4%, respectively. However, the smallest error is 
only 3.2%, which is obtained by the numerical 
simulation in consideration of dynamic permeability. 
Different errors indicate that the fracturing feature of 
the well is the same as that of impermeable formation, 
and it is feasible to adopt the coupling theory to 
calculate rock failure pressure in consideration of 
dynamic permeability.  
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